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HOW PERMUTATIONS DISPLACE POINTS AND 
STRETCH INTERVALS 

DANIEL DALY AND PETR VOJTECHOVSKY 


Abstract. Let Sn be the set of permutations on {1, ..., n} and 
TT G Sn- Let d(7r) be the arithmetic average of {|2 —7r(0|; 1 < 2 < n}. 
Then d(7r)/n E [0, 1/2], the expected value of d(7r)/n approaches 
1/3 as n approaches infinity, and d(7r)/n is close to 1/3 for most 
permutations. We describe all permutations tt with maximal d(7r). 

Let s+(7r) and s*(7r) be the arithmetic and geometric averages of 
{|7r(i) — 7r(i + 1)|; 1 < 2 < n}, and let M"*", M* be the maxima of 
s+ and s* over Sn, respectively. Then M+ = {2m? — l)/(2m — 1) 
when n = 2m, M+ = (2m^ + 2m — l)/{2m) when n = 2m + 1, 
M* = + when n = 2m, and, interestingly, 

M* = (m^(m + l)(m + 2)"*“^when n = 2m + 1 > 1. We 
describe all permutations tt, a with maximal s"*'('7r) and s*{a). 


1. Motivation and introduction 

Allow us to begin with a motivation from the area of turbo coding [5, 8]: 
Starting with the very first example [1], every turbo code employs a permu¬ 
tation, called the interleaver. Although the interleaver has several functions 
within the coding process, its main objective is to scramble the input bits 
so that input sequences with a few nonzero bits do not produce output se¬ 
quences with many nonzero bits, upon being encoded with a convolutional 
code. The interleaver is typically of length at least one thousand. 

While it is easy to simulate the transmission channel and measure the 
performance of a turbo code with a particular interleaver statistically, it 
appears to be difficult to characterize those permutations that will perform 
well as interleavers without actually testing them. Indeed, early publica¬ 
tions on turbo coding recommend to select the interleaver at random—an 
advice still followed in practice. 

Nevertheless, it has now become clear that it is sometimes possible 
to match or outperform random interleavers with deterministic or semi¬ 
random interleavers by carefully analyzing the channel and the decoding 
algorithm, among other parameters. 

As an illustration, we mention three properties of permutations that 
have been suggested in the literature as desirable for the purposes of turbo 
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coding. Let n be an integer, 5'„ the set of permutations on {1,..., n}, and 
TT € Sn- Then: 

(a) TT should have no fixed points and, more generally, the delay i — Tr(i) 
should be far from zero for every i [4, 7], 

(b) the quantity min{|i — j\ + |7r(i) — 7r(j)|; 1 < i < j < n} should be 
large [3, 7], 

(c) the dispersion \{{i — j,Tr{i) — Tr{j)); 1 < i < j < n}| • (n(n—l)/2)“^ 
should be large [9, 5]. 

Viewed in this way, interleaver design is very much a combinatorial prob¬ 
lem. 

In this paper, we define and discuss two properties of permutations simi¬ 
lar to (a)-(c), namely displacement and stretch. Most of our arguments are 
combinatorial in nature and no knowledge of coding is needed. While the 
results obtained here can be considered complete from the mathematical 
point of view (in their narrow scope), the investigation of the impact of the 
results on turbo coding is in preliminary stages, is carried out by a different 
group of researchers, and is mentioned only once below. 

Here are the two properties and a summary of results: 

1.1. Displacement. For tt G 5'„, let 

( 1 ) = 

i=l 

The value d(7r) has been defined in [4, Thm. 2], where it is called descrip¬ 
tively the average of the absolute values of the delays. We prefer to call it 
the displacement of tt, and d(7r)/n the normalized displacement of tt. 

We prove that the normalized displacement of a permutation ranges 
between 0 and 1/2, and we find all permutations with extreme displace¬ 
ment. Among all permutations in S'„, the average normalized displacement 
approaches 1/3 as n approaches oo. Moreover, the distribution of displace¬ 
ments is such that a long, randomly chosen permutation will very likely 
have normalized displacement close to 1/3. 

Hence, by selecting the interleaver at random, the class of permuta¬ 
tions with large or small displacement is rarely (never!) put to the test. 
Preliminary results of Ramya Chandramohan [2] indicate that an S-random 
interleaver (see [3]) with larger than average displacement performs slightly 
better than an S-random interleaver. 

It is easy to construct permutations with normalized displacement arbi¬ 
trarily close to a given 0 < d < 1/2. The problem is more difficult when 
the permutation is supposed to have additional properties. 

1.2. Stretching. The two quantities defined in (b), (c) are telling us some¬ 
thing about how the permutation tt stretches intervals. To measure the 
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average stretch of an arbitrary collection A of subsets of N = {1,... ,n}, 
we propose the following two definitions: 

For A C N, let diani(A) = max{i; i G A} — minji; i G A}. When 
A^ 2^ and tt G S'„, let 


( 2 ) 




I .,-1 f sr diam(7r(y4)) ^ 

I I • diam(A) J 


and 


( 3 ) 


SaM 


/ \ 1/1-41 

/ -TT diam(7r(A)) \ 

\La ) 


We call both formulas the stretch of tt with respect to A. Formula ([3]) , 
which gives equal weight to relative stretching and shrinking, is merely the 
multiplicative version of ([2]). 

Since the formulas ([2]), dS]) emphasize average stretch instead of extreme 
stretch, they become trivial when A = 2^, A = {{/, j}; i < j G N}, etc. 
However, they are not meaningless. For instance, when n = 3 and A = 
{{1,2},{2,3}}, wehaves;^((l,3,2)) = 3/2 > 1 = s;^(id) and s;^((l, 3, 2)) = 
V2> 1 = s;^(id), as one would expect. 

It appears to be hopelessly complicated to analyze s^ and s* for an 
arbitrary collection A. We therefore focus on stretching with respect to 
B = {{i, i + 1}; 1 < i < n}. 

Roughly speaking, the additive formula ([2]) with A = B is maximized 
by any permutation that starts in the middle of the interval N and keeps 
oscillating between the two halves of N. The multiplicative formula ([3]) 
with A = B leads to a much more intricate solution. The maximum of s* 
is 


, when n = 2m, and 

+ l)(m + , when n = 2m + 1. 


(See Acknowledgement.) Furthermore, the maximum is attained by two 
permutations when n is even, and by four permutations when n > 1 is odd. 


2. Displacement 

2.1. Average displacement. We are first going to determine the average 
value of d(7r) over all permutations tt G S„. The formula (|1]) can be obtained 
by combining Theorems 2 and 4 of [4] but our proof is shorter and more 
straightforward. 


Theorem 2.1. Let n > 1 be an integer. Then 

1 — 1 
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Proof. Pick m G N. Since the number of permutations tt G Sn mapping m 
onto some m' is equal to (n — 1)!, we have 

1 V |m - ttMI = ((m-l) + --- + l) + (l + --- + (n-m)) ^ 
n! 




Thus 

1 

~1 


nl 


n 1 " 1 


TVGSn 


nl n 

•n^Srx. m—1 


n nl 

m—1 7r£Sn 


1 (m — l)m + (n — m)(n — m + 1) 

n ^ 

m—1 


2n 


1 (n — rrif' + (m — 1)^ + n — 1 

n ^ 

m—1 


2n 


We now note that 


m—1 

and the result follows. 


2 _ (n - l)n(2n - 1) ^ ^ _ ^^2 

m—1 
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□ 


The average displacement over all permutations from Sn is therefore 
about n/3. Asymptotically: 

Corollary 2 . 2 . We have 

lim — • — d(7r) = 

n^oo n n\ ^' 3 

TT^Sn 

2.2. Extreme displacement. The minimal displacement d(7r) = 0 is at¬ 
tained by exactly one permutation—the identity permutation. The dual 
question concerning maximal displacement is more interesting. 

Let us call a permutation n G Sn crossing if for every i, j in the 
two closed intervals [i,7r(i)], [j,7r(j)] intersect (possibly at a single point). 
Otherwise, tt is said to be noncrossing. 

Lemma 2.3. Let tt G Sn be a noncrossing permutation. Then there is 
p G Sn with d(/9) > d(7r). 

Proof. Since tt is noncrossing, there are i < j in N such that the intervals 
[i,7r(i)], [j,7r(j)] are disjoint. Let p = tt o where the transposition 

{i,j) is applied first. Then 

I* - Pi.i) I + IJ - P(i) I = I* - 7^(01 + |j - ) I + 2(min{j, 7r(j)} - max{i, 7r(i)}), 

which is perhaps best apparent from Figure [TJ Since i < j and tt is non¬ 
crossing, the term min{j, 7r(j)} — max{*,7r(*)} is positive, proving that 
d(p) > d(7r). □ 
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Figure 1. Increasing displacement of noncrossing permutations. 


Now when we have seen that only crossing permutations can attain max¬ 
imal displacement, we characterize them. 

Lemma 2.4. Let n G Sn- If n = 2m then tt is crossing if and only if it 
maps {1, ..., m} onto {m + 1, ■ ■ ■, n}. If n = 2m -I- 1 then n is crossing 
if and only if it maps {1, ..., m} to {m -|- 1,..., n} and {m -I- 2, ..., n} to 
{l,...,m + l}. 

Proof. Suppose first that n = 2m. Assume that tt is crossing. If there is 
i G {I,..., m} with nfi) G {I,..., m} then, by the pigeon-hole principle, 
there must also be j G {m-|-1,..., n} with 7r(j) G {m-l-1,..., n}. But then 
the points i, j and their images 7r(*), 7r(j) witness that tt is noncrossing, a 
contradiction. Conversely, every permutation tt mapping {!,... ,m} onto 
{m -I- I,..., n} must also map {m -|- 1, ..., n} onto {I,..., m}, and hence 
is a crossing permutation. 

Now suppose that n = 2m + I. Assume that tt is crossing and that 
7r(m -1-1) > m -I- 1. Then the image of {!,..., m} must be contained 
in {m -I- 1, ..., n}, which forces tt to map {m + 2, ... ,n} onto {!,..., m}. 
Similarly when tt is crossing and 71 ( 771 -|-1) < m+1. Conversely, assume that 
TT maps {!,..., 777 } to {m -I- 1,..., 77 } and {tti -I- 2,..., 77 } to {1, ..., 777 -|- 1}. 
Looking at two points at a time, it is easy to see that tt is crossing. □ 

Note that the odd case of Lemma l2.4l imposes no restriction on the image 
of the midpoint m -1- 1. Nevertheless, once 777 -I- 1 is mapped somewhere, 
condition (ii) of Lemma 12.41 forces tt to behave in a certain way. For in¬ 
stance, when Trim -I- 1) > m -I- 1, it follows that TT~^{m -|- 1) < 777 -|- 1. We 
will need this fact in the next theorem. 
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Theorem 2.5. Given n > 1, let dn = max{d(7r); tt G 5'„}, and Dn = 
{tt G Sn', d(7r) = dn}- Then tt G Dn if and only if tt is crossing. Moreover, 
dn = nl2 when n is even, and dn = {n — l)(n + l)(2n)“^ when n is odd. 


Proof. Suppose that n = 2m, and let tt G S'„ be a crossing permutation. 
By Lemma 12.41 tt maps m} onto {m + 1,..., n} and vice versa. 

Therefore 


nd(7r) = 


i=l 


\i-TT{i)\ + 




\i — 7r(z) 


= - i) + 




= 2 


E - 




E^ 

i=l 


= 2 


i{n + 1) 


-2 


i{m + 1) 


This short calculation proves that, as far as tt is crossing, the value of d(7r) 
is independent of tt and is equal to n/2. The set Dn then coincides with 
crossing permutations by Lemma 12.31 and dn = n/2 follows. 

Suppose that n = 2m + 1, and let tt G S'n be a crossing permutation. If 
7r(m + 1) m + 1, we construct a crossing permutation p with p[m + 1) = 
TO+ 1 satisfying d(p) = d(7r) as follows: Without loss of generality, suppose 
c = TT(m + 1) > m + 1. Then a = 7r“^(TO +1) < m + 1, as we have 
remarked before this theorem. Let p{a) = c, p{c) = a, p{m + 1) = m + 1 
and p{k) = 7r(fc) for k ^ {a, m+ l,c}. By the construction, d(7r) = d(/o). 

We can therefore assume that the crossing permutation tt fixes to + 1. 
Then, by Lemma 


id(7r) = ^(7r(i)-i)+ (i-7r(i)) 






= 2 



= 2to(to + 1) = 


[n - l){n + 1) 


As in the even case, we see that the value of d(7r) does not depend on 
TT, that Dn consists exactly of all crossing permutations, and that c?„ = 
(n — l)(n + l)(2n)“^. □ 


2.3. Distribution of displacements. The reader may wish to select a 
permutation tt of length n = 1000 at random and calculate its displacement 
d(7r). We predict that 330 < d(7r) < 336. We could be wrong, of course, as 
there are permutations with displacement ranging from 0 to n/2. Using the 
characterization of permutations with maximal displacement ('Lemma l2.41) . 
we count exactly (to!)^ such permutations in the even case n = 2m. The 
ratio (2 to)!/((to!)^) approaches 0 exponentially fast, so such permutations 
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are rare. This is an instance of a much more general notion known to 
measure theorists as concentration of measure phenomena. Let us talk 
about it briefly, imitating [6, Ch. 6]. 

Let {X, p, p) be a metric space equipped with a Borel probability mea¬ 
sure p. For a subset A oi X and £ > 0 define = {x € X] p{x, A) < £}, 
where p{x, A) is the distance of x from the set A. The concentration func¬ 
tion a{X, ) : R+ —>• Rq is defined by 

a{X, s) = 1 — inf{^(£l£); A C X, A is Borel, p{A) > 1/2}. 

In words, a{X, s) measures how much space remains in X when one half 
of X is inflated by £. 

Let X = {{Xn, pn, Pn)', R = 1, 2, ... } be a family of metric probability 
spaces. Then X is called a normal Levy family with constants ci, C 2 if for 
every £ > 0 and for every n we have a{Xn, e) < ". 

Let Pn be the (normalized Hamming) metric on 5'„ defined by 

p„(7r,cr) = -|{z; 7r(z) ^ <j(i)}\, 

n 

and let fin be the (normalized counting) measure on Sn defined by 

Ain(7r) = 

n! 

Then {{S„, pn, Pn)} is a normal Levy family with constants ci = 2, C 2 = 
1/64, according to [6, Sec. 6.4]. 

Although the defining condition for normal Levy families only restricts 
the interplay of the measure and the metric in (A„, pn, Pn), one can say a lot 
about the behavior of reasonable functions /„ : A„ —>■ R.. We will assume 
here that /„ is Lipschitz with constant 1 (i.e., \fnix) — fniy)\ < Pn{x,y) 
for every x, y € Xn), but a more general requirement would do (cf. [6]). 

So, assume that / : {X,p,p) —>• R is Lipschitz with constant 1. Denote 
by Mf the median value of / on X, and let A = {x G A; f{x) < Mf}, 
B = {x G X; f{x) > Mf}. Then, by definition, p{A) > 1/2, p{B) > 1/2, 
and p{{x G A; \f{x) — Mf \ < £}| > p{As fl Bg) > 1 — 2q;(A, £). When 
A = A„ is a member of a normal Levy family, we thus obtain 

pi{x G A„; |/(x) - Mf\ <£})>!- 2cie-^=^'”. 

When X„ = Sn is equipped with the above metric and measure, we get 

p{{x G A„; \f{x) - Mf\ <£})>!- 

This inequality explains why the values of / on Sn are packed near the 
median. Moreover, with such a spike in the distribution, the median will 
be close to the average value of f. 

We are about to clinch the argument with the following observation: 
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Proposition 2.6. Let {Sn, Pn, fJ^n) be as above. Then all functions fn ■ 
S'n —>■ K. defined by /n(7r) = d(7r)/n are Lipschitz with constant 1. 


Proof. Let tt, a be two permutations in S'„. Then 


1 


1 


-|d(7r) -d(cr)| = 


< 


1 






2=1 


^|i-7r(t)-i + cr(i)| 


2=1 




2 = 1 


< ^ • n • |{i; 7r(i) ct(i)}| = p„(7r, a), 


and we are through. 


□ 


2.4. Prescribed displacement. Since S'„ is finite, the values of d(7r)/n 
for a fixed n cannot cover the interval [0, 1/2]. However, we can get arbi¬ 
trarily close to any value in [0,1/2] if we allow n to be sufhciently large; as 
we are going to show. 

The idea is to leave tt identical on a certain proportion of N and displace 
the remaining points as much as possible. 

Proposition 2.7. Let d be such that 0 < d < 1/2. Then there is a sequence 
of permutations tTu G Sn such that lim„_,.oo d(7r„)/n = d. 

Proof. Let S = and let Un = \5n/2\. Define 7r„ G S'„ as follows: 

{ % “t“ Unj 1 ^ ^ ^ Unj 

i-Un, Un+1 <i < 2Un, 

i, i > 2un. 

Then d(7r„)/n = ^uf^jv? = 2|’dn/2]^/n^. Since both 2{bnlT)^jv? and 
2{6nl2 + jr? tend to (5^/2 = d when n approaches infinity, we are done 
by the Squeeze theorem. □ 


3. Stretching with additive formula 

In this section, we answer the following question: For which permuta¬ 
tions TT G Sn is Sg(7r) maximal, where B = {{i,i + 1}; 1 < i < n}? Note 
that with this choice of B we have 

+ ,_^ k(l) - 7’'(2)| + |7r(2) - 7r(3)| -h • • • -h |7r(n - 1) - 7r(n)| 

For two subsets A, B of N, we say that tt G Sn oscillates between A and 
B if for every 1 < i < n we have either 7r(z) G A, 7r(i -|- 1) G i?, or 7r(z) G B, 
TT{i -I- 1) G A. 
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Theorem 3.1. The maximum value o/Sg(7r) over all tt G Sn is 


{2w? — l)/(2m — 1) 
[2w? + 2m — l)/(2m) 


when n = 2m, and 
when n = 2m + 1. 


When n = 2m, the maximum is attained by precisely those permu¬ 
tations TT that oscillate between {1,... ,m}, {m + and satisfy 

(7r(l), 7r(n)) G {(m, m + 1), (m + 1, to)}. 

When n = 2m + 1, the maximum is attained precisely by those per¬ 
mutations TT that oscillate between {1,..., to}, {to + 1,..., n} and satisfy 
(7r(l), 7r(n)) G {(to+1, to+2), (to+2, to+1)}, and by those that oscillate be¬ 
tween (1,... ,TO + 1}, {to + 2, ... ,n} and satisfy (7r(l),7r(n)) G {(to,to + 1), 
(to + 1, to)}. 

Proof. Let n = 2 to. Consider the sum |7r(l) — 7r(2)|+ ••• +|7r(n—1) — 7r(n)|. 
It consists of 2n — 2 integers from N, n — 1 with positive and n — 1 with 
negative signs. Now, if we are to maximize the sum of 2n — 2 integers out 
of 1, 1, ..., n, n with n — 1 integers having negative sign, we must choose 

(5) —1 — 1-(to—1) —(to—1)—TO+(to+1) + (to+2) + (to+ 2) H-hn+n, 

which equals 2 to^ — 1. 

Is there a permutation tt such that |7r(l) — 7r(2)| +• • • + |7r(n— 1) — 7r(n)| = 
2 to^ — 1? The fact that to, to + 1 appear just once in means that 
7r(l) = TO and 7r(n) = to + 1, or vice versa. Moreover, the distribution of 
signs implies that tt must oscillate between {1,..., to} and {to + 1,..., n}. 
Any such permutation will do. 

When n = 2m + 1, we proceed similarly. The two maximal sums analo¬ 
gous to (O are 

— 1 — 1-(to—1) —(to—1) —TO—(to + 1) + (to + 2) + (to + 2)-|-hn + n, 

and 

— 1 — I-TO — TO+ (to + 1) + (to + 2) + (to + 3) + (to + 3) H-hn + n, 

since deleting both occurrences of to + 1 would not correspond to any 
permutation. □ 


4. Stretching with multiplicative formula 


We answer the following question: For which permutations tt G Sn is 
Sg(7r) maximal, where B = {{i,i + 1}; I < i < n}? Note that with this 
choice of B we have 


Sb{tt) = 



l/(n-l) 
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4.1. MaLximizing products of n integers with a given sum. We ob¬ 
viously have: 

Lemma 4.1. Let x < y be positive integers. Then (x — l){y -I- 1) < xy. 
For positive integers n < s, let 

hLn.s — { (^1; ■ • ■ ; ^ ^ 0, “t“ * * ' “t“ Xn — s}, 

and 

— max^xi ■ * * (xi,..., Xy^) € T)ji g^ . 

The following result is certainly well known. We offer a short proof: 
Theorem 4.2. Let n < s be positive integers, a = s/n. Then 

Mr,,s = [ar-\ar-^, 
where m = n\a] — s. Moreover, Mn,s < Mn^s+i- 

Proof. Let it = (xi,...,x„) be the unique point in D such that xi < 
■ ■ ■ < Xn and x„ — Xi < 1. It is easy to see that xi = • • • = Xm = L®J i 
Xm+i = ■■■= Xn = \a], where m = n\a] — s. 

Let it = (j/i; • ■ ■ jVn) € D he such that yi < yi+i and ^ . Let 

di = yi — Xi and note that di < 0, > 0, di + • • • + = 0. Assume for 

a while that di > 0 and dj < 0 for some i < j. Then Xi < yi < yj < xj 
shows that Xj, Xj differ by more than 1, which is impossible. Hence there 
is k such that di < 0 for every i < k, and di > 0 for every i > k. 

The integers di count how many times do we have to add or subtract 1 
to obtain yi from Xi. Since di -I- • • • + (i„ = 0, we can reach ft from it by 
repeatedly decreasing one coordinate by 1 and increasing other coordinate 
by 1 at the same time. Moreover, we have just shown that we can do this in 
such a way that only the first k coordinates will possibly decrease, and only 
the remaining n — k coordinates will possibly increase. Since Xk < Xk+i, 
Lemma l4 .1 1 implies that the product will diminish with every step. 

It remains to show that < Mn,s+i- When (xi, ..., x„) G Hn.s then 
(xi-l-1, X 2 , ..., Xn) e Dn,s+ 1 , and, clearly, xi • • • x„ < (xi-|-l)x 2 • • - x^. □ 

4.2. The even case. Let n = 2m. Theorem [XT] shows that (n-l)s^(7r) < 
2m^ — 1, and that the equality holds if and only if tt oscillates between 
{I,..., to}, {to + I,..., n} and (7r(I), 7r(n)) S {(to, to- f I), (to + I, to)}. By 
Theorem 14.21 the product of 2 to — I positive integers with sum 2 to^ — I is 
maximized by to • to + (to — I)(to + I). 

Lemma 4.3. Let n = 2m. Let tt G Sn be a permutation oscillating between 
{I,..., to}, {to -I- I,..., n} such that 7r(I) = to, 7r(n) = to + I and such 
that |7r(i) — 7r(i-|-I)| G {to,to-|-I} for every \ <i <n. Then tt is uniquely 
determined, namely: 7r(2z) = n — i 1, 7r(2i — I) = to — i + I. 
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Proof. We must have 7r(2) = 2m. Then 7r(3) = m — 1 since 7r(l) = m, 
etc. □ 

Dually: 

Lemma 4.4. Let n = 2m. Let tt G Sn be a permutation oscillating between 
m}, {m + 1,..., n} such that 7r(l) = m + 1, 7r(n) = m and such 
that |7r(*) — 7r(z + 1)| S {m, m + 1} for every 1 < i < n. Then tt is uniquely 
determined, namely: 7r(2z) = i, 7r(2i — 1) = m + z. 

Theorem 4.5. Let n = 2m. Then the maximum of over all permuta¬ 
tions of Sn is (m'"(m+ Qjifi if ig attained precisely by the 

two permutations of Lemmas 14.3114.41 

Proof. Let tt G Sn- Let Xi = |7r(z) — 7r(z + 1)|, s = xi + • • • + X 2 m-i- Then 
s < 2mf — 1 by Theorem [3Tj If s < 2m^ — 1 then Sg(7r)"“^ < M„ 2 m 2-2 < 
by Theorem 14.21 If s = 2m? — I, we have Sg(7r)”“^ < = 

m"* • (m + 1)™“^, and the equality holds only for the two permutations of 
Lemma 14.3114.41 □ 

4.3. Local improvements. When n = 2m + 1, we are going to see that 
the maximum of (sg)"“^ is M = m™{m + l)(m + 2)"*“^, which is far less 
than M 2 m, 2 rn^+ 2 m-i (cf. Theorems 13.11 and 14.21) . In fact, it can happen 
that M < M 2 m,s even if s < 2m? + 2m — 1. A more detailed understanding 
of permutations tt with maximal Sg(7r) is therefore needed. 

There is a one-to-one correspondence between the permutations of 
and the n-cycles of Sn with designated beginning. To see this, identity tt G 
Sn with the rz-cycle p defined by p(7r(z)) = 7r(z-|-l) if z < n, p{'iT{n)) = 7r(l), 
and designate 7r(l) as the beginning of p. Therefore, finding the maximum 
of Sg on Sn is equivalent to finding the maximum of s* over all n-cycles p 
in Sn, where 

s*{p) = max < K - p{i)[, 1 < j < n 

In this subsection we show that a number of conditions on p must hold, 
should s*{p) be maximal. 

The following terminology will allow us to communicate more efficiently. 
We say that two jumps a i—>■ p{a), b i—>■ p{b) of a cycle p have distinct 
endpoints if \{a, p{a),b, p{b)}\ = 4. The two jumps are disjoint if the in¬ 
tervals [a,p(a)], \b,p{h)\ do not intersect. The jump a i—>■ p(a) skips over 
the jump b H> p{b) if [b, p{b)] C [a, p{a)]. (Note that a jump skips over 
itself.) The jump a i—>■ p{a) bridges b i—^ p{b) if it skips over it and the two 
jumps have distinct endpoints. Two jumps intersect nontrivially if they 
are not disjoint, one does not skip over the other, and they have distinct 
endpoints. A jump a i—>■ p{a) is short if |a — p{a)\ < |6 — p(b)\ for all b. All 
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other jumps are called long. Finally, the jumps have the same direction if 
(a — p(a))(b — p(b)) > 0, otherwise they have opposite direction. 

Given a cycle p and two jumps i i—>■ p(i), j i—>■ p{j) with distinct end¬ 
points, let pij denote the cycle depicted in Fignre[2] 



Figure 2. The cycles p and pij. 


Lemma 4.6. Let p € Sn be an n-cycle. Let i i—>■ p{i), j i—>■ p{j) be jumps 
with distinct endpoints such that i i—!> p{i) is a short jump and \i — j\ > 
\j - Pij)\- Then s*(pj.j) > s*{p). 

Proof. Since i i-A- p{i) is short, s*{p) = 1^ ~ P{^)\- Now, s*{pij) > 

\^-\k- pik)\ > Uk^i \k- p{k)\. □ 

Lemma 4.7. Let p G Sn be an n-cycle such that one of the following 
conditions holds: 

(i) there are disjoint jumps in the same direction, 

(ii) a short jump nontrivially intersects a jump in opposite direction, 

(iii) a short jump is disjoint from a jump in opposite direction, 

(iv) there are disjoint jumps in opposite direction {generalizing (iii)), 

(v) a jump bridges a long jump in opposite direction. 

Then there is an n-cycle a G Sn such that s*{a) > s*{p). 

Proof. In case (i), write a < p{a) < b < p{b) without loss of generality, and 
let a = pa,b- Note that the two old jumps a H> p{a), b i—!> p{b) have been 
replaced by two longer jumps b, p{a) i—!> p{b), respectively. 

In case (ii), let a i-A- p{a) be a short jump, and let b be such that a < 
p{b) < p{a) < b. Let a = pa^b and note that the new jump o i—6 is longer 
that the old jump b p{b). We are done by Lemma [461 

In case (iii), let a i—>■ p{a) be a short jump and a < p{a) < p{b) < b. Let 
(J = Pa,b- The new jump a i—^ 6 is then longer than the old jump b i—>■ p{b), 
and we are again done by Lemma l4.6l 

In case (iv), we can assume that none of the two jumps a i—>■ p(a), 
b I—>■ p{b) in question is short, else (iii) applies. Let c i—>■ p{c) be a short 
jump. We can assume that c i—>■ p{c) is not disjoint from a i—!> p{a) nor 
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b I—!> p{b), otherwise either (i) or (iii) applies. Without loss of generality, 
assume max{a,p(a)} < max{6,/9(6)}. Since the two jumps are in opposite 
directions, c i—>■ p(c) cannot intersect both jumps trivially. Again without 
loss of generality, assume c i—>■ p{c) intersects a i—>■ p{a) nontrivially. If 
a I—?> p{a), c I—>■ p{c) are in opposite direction, then (ii) applies. So suppose 
that they are in the same direction. Then c i—>■ p{c) and b i—>■ p(b) are in 
opposite direction, and we can assume that they intersect trivially, else (ii) 
applies. But that is impossible. 

In case (v), let p{b) < a < p{a) < b and a = pa,b- Let x, y, z be the 
lengths a — p{b), p(a) — a and b — p(a), respectively. Then we have lost the 
factor {x + y + z)y = xy + y^ + yz and gained the factor {x + y){jj + z) = 
xy + xz + y'^+ yz while comparing s* (p) to s* (cr) . Hence s* {a) > s* {p). □ 

4.4. Short jumps. We say that a jump a i—!> p{a) is right if a < p(a), else 
it is left. 

Proposition 4.8. Let p G Sn be an n-cycle with maximal &*{p). Assume 
that p has a short jump c i—>■ c + t, t > 0. Then one of the following 
scenarios holds: 

(i) t = I, all jumps skip over c i-A c + 1, n = 2m, c = m, there are m 
left and m right jumps in p, 

(ii) t = 1, the only jump not skipping c i-A c + 1 *s the right jump 
following it, n = 2m + 1, c = m, there are m + 1 right and m left 
jumps in p, 

(iii) t = 1, the only jump not skipping c i-A c + 1 is the right jump 
preceding it, n = 2m + 1, c = m + 1, there are m + 1 right and m 
left jumps in p, 

(iv) t = 2, precisely two jumps do not skip over c i—>■ c + 2 and these 
jumps are right, n = 2m + 1, c = m, there are m + 1 right and m 
left jumps in p. 

Proof. If there is d such that c < d < c + t, consider a such that d = p{a). 
By Lemma l4.7l iil. a < c. Similarly, p(c) < p(d). The three jumps c H> p(c), 
a I—>■ p(a), p{a) i—>■ p{p(a)) = p(d) are thus all right. 

If p{c) — c > 2, there are c < d < e < p{c). As above, there are jumps 
a i-A d p{d), 6 i-A e i-A p{e), all right. But then Lemma HTTI il applies to 
a I—>■ p(a) and e i—>■ p(e), a contradiction. Hence t = p{c) — c < 2. 

Assume p{c) — c = 2 and let a p{a) = c +1 i-A p(c +1) be the two right 
jumps found above. Let b i—>■ p{b) be a right jump different from a i—>■ c + 1, 
c+1 i-A p(c+l), c i-A c+2. Then b < c, else a i-A c+1, b i-A p{b) are disjoint 
and Lemma r4.7l il applies. If p{b) < c, the jump b i-A p{b) is disjoint from 
p{a) I—>■ p{p{a)), a contradiction with Lemma [4.7H 1. If p{b) > c, we must 
have p{b) > p(c), and so 6 i-A p{b) skips over c i-A p{c). Now let b p{b) 
be any left jump. If 6 < c + 2 then, in fact, b < c, thus b i-A p{b) and 
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c I—>■ c + 2 are disjoint, a contradiction by Lemma r4.7r iiiV Thus b > c + 2. 
If p{b) > c + 1 then b i-A p{b), a i-A p{a) are disjoint and Lemma IrTT ivi 
applies. If p{b) < c + 1, we must have p{b) < c, and b i-A p{b) skips over 
c i-A p(c). The rest of (iv) is easy. 

The case p{c) — c = 1 can be analyzed similarly, with help of Lemma 
ITTI □ 

In view of Theorem 14. 51 we are only interested in scenarios (ii), (iii) and 
(iv) of Proposition 

4.5. Long jumps. The following Lemma follows immediately from Lemma 
IlIKiv), (v): 

Lemma 4.9. Let p be an n-cycle with maximal s*{p). Let a i—>■ p{a), 
b I—>■ p{b) be two long jumps of opposite directions. Then at least one of the 
endpoints o/& i—?> p(b) is in the interval [a,p(a)]. 

Proposition 4.10. Let p G Sn be an n-cycle with maximal s*{p) and with 
a short cycle c i-A c +1, t > 0, where n = 2m + 1. Then every long jump of 
p is of length m, m 1 or m-\-2. 

Proof. Let k k-\-t, 0 < t < m, he a. long right jump of p. By Proposition 
14.81 TO +1 is the unique point at which 2 right jumps are consecutive, and, 
moreover, to + 1 S [k,k By the same Proposition, there are to left 

jumps, no two consecutive. By Lemma 14.91 each of these left jumps has an 
endpoint in [fc, k 1\. Then there are not enough points in [/c, fc + t] for to 
nonconsecutive left jumps to start or end at. 

Let kt-^k — t, 0<t<m, hea left jump of p. By Proposition 14.81 
and Lemma 14.91 there are to long right jumps and each of them has an 
endpoint in [k — t, fc]. In scenario (ii) of Proposition 14.81 to G [fc — t, fc], no 
long right jump starts or ends at to + 1 , and no two long right jumps are 
consecutive. In scenario (iii), to + 2 G [fc —t, fc], no long right jump starts or 
ends at to, and no two long right jumps are consecutive. In scenario (iv), 
TO, TO + 2 G [fc — t, fc], no long right jump starts or ends at to, to + 2, and 
precisely two long right jumps are consecutive. In any case, there are not 
enough points in [fc — t, k] to accommodate all long right jumps. 

Consider a jump a i—>■ p{a) of length at least to + 3. Then there are at 
most 2m + 1 — (to + 2) = to — 1 points outside of {a,p{a)). Assume that 
a < p{a). Then one of the to left jumps, no two of which are consecutive, 
must have both endpoints in (a,p(a)). Assume that a > p{a). Note that 
no point outside of {a,p{a)) can be both the starting and the terminating 
point of a right jump (this is obvious for a, p(a), and it is true for the 
remaining points by Lemma Id.Tl iv')'). Hence one of the to + 1 long right 
jumps must have both endpoints in (a, p(fl)). In any case, we have reached 
a contradiction bv Lemma 14. 71 vl. □ 
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Lemma 4.11. Let p he as in scenario (ii) of Proposition^^ Then every 
long jump is of length m, m + 1, or m + 2, p is uniquely determined, and 
s*{p) = • (m + 1) • (m + 2)™“^. When m is odd, we have 


' ^ + l, 

i = m, 

i — (to + 1), 

i = m + 2, 

i + TO, 

i even, i < m + 2, 

i+(TO + 2), 

i odd, i < m. 

i — m, 

i even, i > m + 1, 

i - (to + 2), 

i odd, i > m + 2. 


When m is even, we have 


' i + l. 

i = 

i + {m + 1), 

i = 1, 

i + m, 

/ ' 

i odd, 1 < i < m + 2 

i + {m + 2), 

i even, i < m. 

i — m. 

i even, i > m + 1, 

^ i-{m + 2). 

i odd, i > m + 2. 


Proof. We work out two examples, one for m = 3 and one for m = 4. 
It will then become clear that the cycle p is unique, that its structure is 
determined by the parity of to, and that the formulae in the statement of 
the Lemma are correct. We will build the cycle from the shortest jump 
TO I—>■ TO + 1 by alternatively extending it by one jump forward and one 
jump backwards. 

Let TO = 3. By our assumption, p(3) = 4. We now determine p(4) 
(building the cycle forward) and p“^(3) (building the cycle backwards). 
Since p(4) > 4 by the assumption, we must have p(4) = 7 (else the jump is 
too short). Then p“^(3) = 6, since p“^(3) = 7 would result in a short cycle, 
and all other values yield a jump that is too short. We next determine p{7) 
and p~^{6). We must have p{7) = 2, since p{7) = 1 would be too long. 
Then p~^(6) = 1 follows, avoiding a short cycle. Now we obviously have 
p(2)=5 = p-i(l). 

Let TO = 4. By our assumption, p(4) = 5. Proceeding as in the case 
TO = 3, we have p(5) = 9, p~^(4) = 8, p(9) = 3, p“^(8) = 2, p(3) = 7, 
p~^(2) = 6, p(7) = 1, and p~^(6) = 1. □ 

Similarly: 

Lemma 4.12. Let p he as in scenario (hi) of Provosition lT8l Then every 
long jump is of length to, to + 1 , or m + 2, p is uniquely determined, and 
s*{p) = TO™ • (to + 1) • (to + 2)™“^. The formulae for p are similar to those 
of Lemma [4:.ll[ 


Lemma 4.13. Let p he as in scenario (iv) of Provo sition lT8l Then there 
are at least to — 1 jumps of length to in p. 
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Proof. We use Proposition 14. 101 without reference throughout this proof. 

For i G {1,..., m — 1}, let L(i) denote the length of the left jump ending 
at i, and R{i) the length of the right jump starting at i. Note that we 
cannot have L{i) = else a 2-cycle arises. We claim that in at most 
one case among 1, .. ., m — 1 both L(i), R{i) are bigger than m, hence 
proving the lemma (since m + 1 2m -I- 1 is also of length m). 

For a contradiction, let i < j he the two smallest integers in {1, ..., 
771—1} such that L{i), R{i), L{j), R{j) > m. Assume that L{i) = m + 1, 
R{i) = 771-1-2. (The case L{i) = m + 2, R{i) = tti -|- 1 is similar.) Let 
k=j-i. 

Assume k = 1. Since R{i -I- 1) m -|- 1, we have L{i -|- 1) = tti -|- 1, 
R{i -1-1) =777-1-2. Since R{i + 2) ^ m and R{i + 2) m + 1, we have 
i?(7-|-2) = 777-1-2. Since L(7 -I- 2) 777, we have L(7-1-2) = 777-1- 1. Continuing 

in this fashion, we arrive at R{m—1) = m-\-2^ contradicting 777 -1-1 1 —>■ 2?77-|-l. 

Assume k = 2. Since L{i -|- 1) ^ 777 , we have R{i -|- 1) = 777 . If L(i -|- 1) = 
777 -1- 1, we have a 4-cycle. Hence Lii -|- 1) = 777 -1- 2. Since j = i + 2, 
L{i -1-2) ^ 777 . Also, L{i + 2) ^ m + 1. Thus L{i + 2) = m + 2. But 
then the jump starting at 777 -I- 7 -I- 2 is not of length 777 , 777 -|- 1, or 777 -|- 2, a 
contradiction. 

Assume fc = 3. Then R{i + 1) = m, and thus L{i + 1) = m + 2 else we 
have a 4-cycle. Then L{i + 2) = m, and thus R{i - 1 - 2 ) = 777 - 1 - 2 else we have 
a 6-cycle. As i?(7-|-3) ^ m and i?(7-l-3) 777- 1 - 1 , we have i?(7-l-3) = 777 - 1 - 2 . 

But then no jump can possibly end at 777 -I- 7 -I- 3, a contradiction. 

This pattern continues for larger k. □ 

4.6. The odd case. 

Theorem 4.14. Let n = 2m -I- 1 > 1. Then the maximum o/s^ over all 
permutations of Sn is (m™ • (m -|- 1) • (777 -|- 2 )’”“^)^/"“^, and it is attained 
precisely by the two permutations of Lemmas 14.111 and 14.121 and by their 
mirror images. 

Proof. Let p be a permutation obtained in scenario (iv) of Proposition |4)8l 
Its 777 left jumps start in positions 777 -1- 2, ..., 2m -I- I, and its m long right 
jumps start in positions I, ...,777— I,m-|-1. It is then easy to see that the 
sum of the lengths of the 2m long jumps of p is 2m^-|-2777—2. By Proposition 
14.101 each long jump is of length 777, 777-I-I or 777-1-2, and by Lemma 14.131 
there are at least 777 — 1 jumps of length m. If cci, ..., X 2 m are positive 
integers such that ? 77 < <777-1-2, a:i-|-----|- X2m = Srn^ -|- 2m — 2 and such 

that at least 777 — 1 of them are equal to m, then Theorem 14.21 implies that 
the product xi • • • X 2 m cannot exceed m^~^{m -\- l)'^(r77 -I- 2)™“^. However, 
777™“^(777 -I- 1)"‘(777 -|- 2)"^“^ is less than m"*(m -I- 1)(777 -I- 2)”^“^ if and only 
if (777 -I- 1)^ is less than 777(777 -I- 2)^, which is true for every positive m. We 
are done by Lemmas 14.111 |4T^ and by their mirrored versions. □ 














HOW PERMUTATIONS DISPLACE POINTS AND STRETCH INTERVALS 


17 


5. Acknowledgement 

We thank Alvaro Arias for telling us about the connection between prob¬ 
ability measure spaces and permutations, and to George Edwards for pro¬ 
viding us with papers on interleaver designs. 

An early version of this paper dealt only with the displacement of permu¬ 
tations, and mentioned the problem of maximizing Sg as an open question. 
An anonymous referee responded that he/she can answer the question, that 
the maximum is as in Theorems 14.51 and 14. 141 and that he/she has “an ele¬ 
mentary but not very short proof.” The referee did not reveal the proof and 
did not indicate how many and which permutations attain the maximum, 
but we are indebted to him/her for pointing us in the right direction. 

References 

[1] Claude Berrou, Alain Glavieux, Punya Thitimajshima, Near Shannon limit 
error-correcting coding and decoding: turbo codes, Proceedings of the 1993 
IEEE International Conference on Communication, May, Geneva, Switzer¬ 
land, 1064-1070. 

[2] Ramya Chandramohan, A new pseudo-random interleaver design for turbo 
coding, M.S. thesis. Department of Engineering and Computer Science, Uni¬ 
versity of Denver, November 2004. 

[3] S. Dolinar, D. Divsalar, Weight distribution of turbo codes using random and 
nonrandom permutations. Jet Propulsion Lab, TDA Progress Report 42-122, 
August 1995. 

[4] Roberto Gallero, Guido Montorsi, Sergio Benedetto, Giovanni Cancellieri, 
Interleaver properties and their applications to the trellis complexity analysis 
of turbo codes, IEEE Transactions on communications 49, no. 5, May 2001. 

[5] Chris Heegard, Stephen B. Wicker, Turbo coding, Kluwer international series 
in engineering and computer science 476, Kluwer Academic Publishers, 1999. 

[6] Vital! D. Milman, Gideon Schechtman, Asymptotic theory of finite¬ 
dimensional normed spaces. With an appendix by M. Gromov. Lecture Notes 
in Mathematics, 1200. Springer-Verlag, Berlin, 1986. 

[7] Hamid R. Sadjadpour, Neil J. A. Sloane, Masoud Salehi, Gabriele Nebe, 
Interleaver design for turbo codes, IEEE Journal on Selected Areas in Com¬ 
munications 19, no. 5, May 2001. 

[8] Bernard Sklar, Digital Communications: Fundamentals and Applications, 
second edition, Prentice Hall, 2002. 

[9] Oscar Y. Takeshita, Daniel L. Costello, Jr., New deterministic interleaver 
designs for turbo codes, IEEE Transcations of information theory 46, no. 6, 
September 2000. 

E-mail address: ddalySdu. edu, petr@math.du.edu 

Department of Mathematics, University of Denver, 2360 S Gaylord St, Den¬ 
ver, CO 80208, U.S.A. 




